We study Weitzenböck's torsion and discuss its properties. Specifically, we calculate the measured components of Weitzenböck's torsion tensor for a frame field adapted to static observers in a Fermi normal coordinate system that we establish along the world line of an arbitrary accelerated observer in general relativity. A similar calculation is carried out in the standard Schwarzschild-like coordinates for static observers in the exterior Kerr spacetime; we then compare our results with the corresponding curvature components. Our work supports the contention that in the extended general relativistic framework involving both the Levi-Civita and Weitzenböck connections, curvature and torsion provide complementary representations of the gravitational field.
I. INTRODUCTION
It is possible to extend the pseudo-Riemannian (i.e., Lorentzian) structure of General Relativity (GR) in a natural way by adding a second nonsymmetric connection due to Weitzenböck [1] . The Weitzenböck connection is related to congruent frames adapted to observer families [2] . The standard Levi-Civita connection ( 0 Γ µ αβ ) is symmetric and hence torsion-free, but gives rise to the Riemannian curvature of spacetime that characterizes the gravitational field in GR. On the other hand, the Weitzenböck connection (Γ µ αβ ), which is compatible with the Riemannian metric (g µν ), is curvature-free, but has torsion. The curvature of the Levi-Civita connection and the torsion of the Weitzenböck connection are complementary aspects of the gravitational field in the recent nonlocal generalization of GR [3] [4] [5] [6] .
In a global inertial frame in Minkowski spacetime, there exists a natural system of globally parallel tetrad frames, since the ideal inertial observers at rest carry orthonormal tetrad frames that consist of the four unit basis vectors of the background inertial frame in which the observers are all at rest. Flat spacetime contains an equivalence class of such parallel frame fields that are related to each other by constant elements of the six-parameter global Lorentz group. This parallelism disappears in the curved spacetime of GR. That is, given any smooth orthonormal tetrad field λ µα (x) adapted to an observer family in curved spacetime, it is not possible to render the frame field parallel in any spacetime domain due to the presence of the Riemannian curvature of the Levi-Civita connection. It is nevertheless useful to have access to a global system of parallel axes in the presence of gravitation. To this end, one must extend GR by introducing a second (Weitzenböck) connection, which is so defined as to render a smooth orthonormal frame field parallel in extended GR. Therefore, of all possible smooth frame fields on Riemannian spacetime, one system can be chosen in order to define a global system of parallel axes that are, however, specified up to global Lorentz transformations. This circumstance is reminiscent of the parallel frame fields of inertial observers in Minkowski spacetime. In extended GR, the chosen parallel frame field is adapted to a preferred family of observers. Such an observer family is then unique up to global Lorentz transformations, just as is the case with inertial observers in Minkowski spacetime. Henceforth, a preferred observer family in extended GR is one for which the frame field is globally parallel via the Weitzenböck connection.
Imagine a class of preferred observers in extended GR and their associated smooth tetrad frame field e µα such that
which is the orthonormality condition for the frame field. For this class of preferred observers, the Weitzenböck connection is given by [1] 
This is essentially the unique connection for which the corresponding covariant differentiation is such that ∇ ν e µα = 0. From this and the orthonormality condition, we get metric compatibility; that is, ∇ ν g αβ = 0. This leads to a global notion of parallelism; namely, distant vectors may be considered parallel if they have the same local components relative to their preferred frames. Teleparallelism has a long history [7] [8] [9] [10] ; in this framework, GR has an equivalent teleparallel formulation (GR || ) [11, 12] .
The difference between two connections on the same manifold is a tensor. Thus we have the torsion tensor
and the contorsion tensor
It follows from the compatibility of the Levi-Civita and Weitzenböck connections with the Riemannian metric that the contorsion tensor is linearly related to the torsion tensor via
We note that the torsion tensor is antisymmetric in its first two indices, while the contorsion tensor is antisymmetric in its last two indices. In this paper, we choose units such that
Furthermore, Greek indices run from 0 to 3, while Latin indices run from 1 to 3. The signature of the metric is +2. We use a left superscript "0" for geometric quantities related to the Levi-Civita connection. Our conventions regarding the use of a nonsymmetric connection are explained in Appendix A.
Let us consider the frame components of the Weitzenböck torsion with respect to the preferred orthonormal frame eα with dual ωα such that ωα(eβ) = δα β ; that is,
These are measurable in principle and are essentially the structure functions of the preferred frame eα = e µα ∂ µ ; that is,
Equivalently, these components can be obtained by evaluating the exterior derivative of the frame 1-forms ωγ = e µγ dx µ according to the relation
or the Lie derivative of the frame vectors along each other
and its "dual" relation
At any event in spacetime, two orthonormal frames are related to each other by an element of the local Lorentz group; therefore, Cαβγ transforms as a third-rank tensor under local Lorentz transformations. Moreover, these structure functions satisfy the Jacobi identity,
which is equivalent to d 2 ωα = 0. It follows from the Jacobi identity that
where ∂α := eα is the Pfaffian derivative associated with eα.
The main purpose of this paper is to calculate the structure functions Cαβγ in a general and physically transparent setting and study their physical properties. The following section is devoted to the study of the structure functions in the physically meaningful Fermi coordinates in a general gravitational field. In section III, we examine the structure functions for static observers in a general stationary axisymmetric gravitational field such as the Kerr spacetime. Section IV is devoted to a brief discussion of the lack of closure of infinitesimal parallelograms in the presence of torsion. Finally, section V contains a discussion of our results.
II. WEITZENBÖCK'S TORSION IN FERMI COORDINATES
To gain physical insight into the structure of Weitzenböck's torsion, we consider an arbitrary gravitational field in extended GR and establish a Fermi coordinate system in a cylindrical spacetime region along the world line of an arbitrary accelerated observer O. Fermi coordinates are invariantly defined and constitute the natural general-relativistic generalization of inertial Cartesian coordinates. We then define the frame field of static observers in the Fermi coordinate system and calculate explicitly their measured torsion tensor Cαβγ.
Imagine an accelerated observer O following the reference world linex µ (τ ), where
is an admissible system of spacetime coordinates [13] and τ is the proper time along the observer's trajectory. The observer carries an orthonormal tetrad frame λ µα (τ ) along its path in accordance with 0 Dλ
Here, φαβ = −φβα is the acceleration tensor of O. In close analogy with the Faraday tensor, we can decompose the acceleration tensor into its "electric" and "magnetic" components, namely, φαβ → (−a, Ω). That is, the translational acceleration vector a is given by the frame components of the 4-acceleration vector associated with the 4-velocity vector λ µ0 = dx µ /dτ of the observer and Ω is the angular velocity of the rotation of the observer's local spatial triad λ µî , i = 1, 2, 3, with respect to the locally nonrotating (i.e., Fermi-Walker transported)
triad [14] .
Let us next establish an extended Fermi normal coordinate system in a world tube alonḡ
The Fermi coordinates are scalar invariants by construction and are indispensable for the interpretation of measurements in GR-see [15] [16] [17] [18] [19] [20] and the references cited therein.
Consider the class of spacelike geodesics that are orthogonal to the world line of the accelerated observer at each event Q(τ ) alongx µ (τ ). These form a local hypersurface. For an event P with coordinates x µ on this hypersurface, let there be a unique spacelike geodesic of proper length σ that connects Q to P . Then, P has Fermi coordinates Xμ = (T, Xˆi), where
Here, ξ µ is the unit vector at Q(τ ) that is tangent to the spacelike geodesic segment from Q to P . Thus the reference observer O is always at the spatial origin of the Fermi coordinate system.
The coordinate transformation x µ → (X0 = T, Xâ) can only be specified implicitly in general; hence, it is useful to express the spacetime metric in Fermi coordinates as a Taylor expansion in powers of the spatial distance σ away from the reference world line. For our present purposes, we can write the metric in Fermi coordinates as
Here, we have introduced
and we have used the notation
Moreover, Rαβγδ(T ) is the projection of the Riemann curvature tensor on the orthonormal tetrad frame of O and evaluated along the reference geodesic; that is,
Henceforward, we will only keep terms up to second-order in the metric perturbation and note that Fermi coordinates are admissible in a finite cylindrical region about the world line of O with |X| ≪ r c , where r c (T ) is the infimum of acceleration lengths (|a(
as well as spacetime curvature lengths such as |Rαβγδ(
Let us now consider the class of observers that are all at rest in this gravitational field and carry orthonormal tetrads that have essentially the same orientation as the Fermi coordinate system. This class includes of course our reference observer O. The orthonormal tetrad frame of these preferred observers can be expressed in (T, Xˆi) coordinates as
Here, we have defined
As expected, e µα reduces to δ μ α along the reference geodesic, where X = 0. It follows from e µα = g µν e να that
Explicitly, we therefore have
with dual frame
We can now proceed to the evaluation of the associated structure functions.
In Cαβγ, for eachγ =0,1,2,3, we have an antisymmetric tensor that has "electric" and "magnetic" components in analogy with the Faraday tensor. Indeed, forγ =0, we have
Furthermore, the gravitoelectric field, E = ∇Φ, and the gravitomagnetic field, B = ∇ × A , are given by
Let us note here that the gravitoelectric field is directly proportional to the "electric" components of the Riemann curvature tensor and similarly the gravitomagnetic field is directly proportional to the "magnetic" components of the Riemann curvature tensor. It is interesting that we can couch our torsion results in the familiar language of gravitoelectromagnetism (GEM) [21] [22] [23] . Moreover, the spatial part of the metric perturbation away from Minkowski spacetime, Σ ij = Σ ji , is likewise proportional to the spatial components of the curvature.
Next, forγ =1,2,3, the electric parts only involve terms of higher order and can be ignored, so that
However, the corresponding magnetic parts depend upon the spatial components of the curvature and we find that forγ =1,
Similarly, forγ =2,
and forγ =3,
It is important to note that all of the components of Cαβγ can be obtained from Eqs. The torsion vector C α , C α := −C αβ β , can be calculated for the static Fermi observers and turns out to be completely spatial; that is, Cα = (0, Θˆi), where Θ is related to the gravitoelectric field as well as the spatial part of the torsion tensor. Indeed,
On the other hand, the torsion pseudovectorČ α ,Č α := −(1/6)ǫαβγδ Cβγδ is given by (Č0, Hˆi), whereČ0 = −(1/3)(C231 + C312) and H is related to the gravitomagnetic field,
We note that in our convention ǫ 0123 = 1. The three algebraic Weitzenböck invariants of the torsion tensor are discussed in Appendix C.
It is interesting to compute the acceleration tensor for our family of static observers. To this end, we have
where s is the proper time along the observer's world line. From Eq. (4) and the fact that e µ0 = dx µ /ds, we find that
Let us briefly digress here and mention that the connection between Eqs. (39) and (40) is completely general and is independent of the particular coordinate system or our choice of the preferred observers. In the particular case of Fermi coordinates and static observers under consideration here, however, it follows from the decomposition of Υαβ into its "electric" and "magnetic" components and Eq. (5) that −C0ˆi0 and − 
III. KERR SPACETIME
Imagine accelerated observers at rest far away from a rotating gravitational source.
Within the framework of linearized GR, the spacetime metric in gravitoelectromagnetic (GEM) form is given by [23] 
where Φ ′ is the gravitoelectric potential of the source and A is the corresponding gravitomagnetic vector potential. Following the linear perturbation approach, the GEM fields are given by [23] 
The natural orthonormal tetrad frame adapted to these static observers can be expressed as
Taking into account the antisymmetry of the torsion tensor in its first two indices, all of the nonzero components of the structure functions can be obtained in this case from
and
To illustrate further the nature of Weitzenböck's torsion, we calculate in this section the structure functions for the natural tetrad frames of the static observers in the exterior Kerr spacetime. To this end, let us first consider the case of a general stationary metric of the form
where the metric coefficients g αβ depend only upon x 1 and x 2 . A static observer in this case has a 4-velocity vector given by
and a natural adapted spatial frame that consists of the three vectors
where
Furthermore, we note that
For the structure functions in this case, we have the following general results for the gravitoelectric components
and the corresponding gravitomagnetic components
where ∂ˆi = e µî ∂ µ is the Pfaffian derivative operator. Moreover, C0ˆiĵ = 0 and all of the other nonzero spatial components can be obtained from
The torsion vector C α can be easily calculated from these results and we find that Cα = (0, C1, C2, 0), where
Furthermore, the torsion pseudovectorČ α is given in this case by
The metric of the exterior Kerr spacetime is of the general form of Eq. (49) when written in Boyer-Lindquist coordinates x α = (t, r, θ, ϕ); in fact, for a Kerr source with mass M and angular momentum Ma, we have
Here,
The Kerr structure functions for static observers can be obtained from Eqs. (54)- (57) using
We can now compare and contrast the frame components of the torsion tensor with those of the corresponding curvature tensor given in Appendix B.
Further simplifications arise in the Schwarzschild case (a = 0); that is, the nonzero components of torsion can be obtained from
IV. INFINITESIMAL PARALLELOGRAMS
Consider two infinitesimal vectors A µ and B µ at an event P in spacetime. Suppose that A µ is parallel transported along B µ via a general connection Γ and B µ is in turn parallel transported along A µ as in Figure 1 . The resulting infinitesimal parallelogram in general suffers from a lack of closure if the connection is not symmetric; in fact, as illustrated in Figure 1 , (CD)
It is possible to introduce a coordinate system in the neighborhood of event P such that the symmetric part of the connection vanishes [24] ; that is, in the new system of coordinates Γ µ (αβ) (P ) = 0. In this case, as depicted in Figure 2 , (CD) µ = 2δ µ , where It follows that in our extended GR framework, if the Weitzenböck torsion does not vanish at an event P , then infinitesimal parallelograms based at P do not close. The situation is different, however, for non-infinitesimal parallelograms, whose closure, or lack thereof, would crucially depend on the detailed circumstances at hand and the nature of the spacetime under consideration.
V. CONCLUDING REMARKS
Torsion, like curvature, is a basic tensor associated with a linear connection. The measurement of spacetime torsion depends upon the role that the torsion field plays in the physical theory. In the context of the Poincaré gauge theory of gravitation, for instance, Cartan's torsion is related to intrinsic spin and the possibility of its measurement has been explored in that framework [25] [26] [27] . Another approach involves the motion of extended bodies in the context of nonminimal theories, where torsion couplings can be important [28] .
Weitzenböck's torsion has been previously studied in the context of teleparallelism [29, 30] . In this paper, we have generalized previous work on the physical aspects of Weitzenböck's torsion [24] . In our extended GR framework, we have studied the general properties of this torsion field for orthonormal frames that are naturally adapted to static observers in gravitational fields. For the measured components of the torsion tensor, Cαβγ, we find that C0ˆi0 represents what is essentially the gravitoelectric field, while Cˆiĵ0 represents what is essentially the gravitomagnetic field. Moreover, C0ˆiĵ is related to the nonstationary character of the gravitational field and Cˆiĵk has in general mixed properties involving both the gravitoelectric and gravitomagnetic aspects. These results should be compared and contrasted with the frame components of the curvature tensor. Our work illustrates the fact that in the extended GR framework, curvature and torsion are complementary representations of the gravitational field.
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It follows that ∇ ν e µα = 0 for the Weitzenböck connection. Furthermore, for a covariant vector field A µ ,
For a scalar field S, ∇ α S = ∂ α S and we have
moreover, the Ricci identity takes the form
is the curvature tensor given by
which vanishes in the case of Weitzenböck's connection. The symmetries of the Riemann curvature tensor make it possible to express its frame components 0 Rαβγδ as elements of a symmetric 6 × 6 matrix 0 R = ( 0 R IJ ), where I and J range over the set (01, 02, 03, 23, 31, 12) ; that is,
whereÊ andŜ are symmetric 3 × 3 matrices andB is traceless. HereÊ andB correspond to the gravitoelectric and gravitomagnetic components of spacetime curvature, respectively, whileŜ corresponds to its spatial components. In a Ricci-flat spacetime,Ŝ = −Ê,Ê is traceless andB is symmetric.
For the family of static observers in the exterior Kerr spacetime, the nonvanishing components of the symmetric and tracelessÊ = (Eˆiĵ) andB = (Bˆiĵ) with respect to the frame (50)-(51) can be obtained from E11 = − Mr(r 2 − 3a 2 cos 2 θ)(2∆ + a 2 sin 2 θ)
E22 = Mr(r 2 − 3a 2 cos 2 θ)(∆ + 2a 2 sin 2 θ)
where the dimensionless ratio ρ is given by ρ = a cos θ r 3r 2 − a 2 cos 2 θ r 2 − 3a 2 cos 2 θ .
We note thatÊ andB diverge at the stationary limit (g 00 = 0), andB = 0 in the nonrotating Schwarzschild case, where a = 0.
Appendix C: Weitzenböck torsion invariants
Let eα be a given orthonormal frame and Cαβγ be the associated frame components of the structure functions. It is convenient to introduce the notation C0â0 = Ψâ , Câb0 = ǫâbĉWĉ , C0âb = χâb .
Then, the torsion vector Cα has components C0 = −χˆiˆi , Câ = Ψâ − Câbb ;
while the torsion pseudovectorČα has componentš C0 = − 1 6 ǫâbĉ Câbĉ ,Čâ = 1 3 (Wâ − ǫâbĉ χbĉ) .
Next, we consider the three algebraic Weitzenböck invariants of the torsion tensor, namely,
In terms of the components of the torsion tensor, we have for I 1 and I 2 I 1 = 2ΨâΨâ − 2WâWâ − 2χâb χâb + CâbĉCâbĉ ,
Simplifications occur either in the case of the static Fermi observers, at the order of approximation employed in section II, or in the case of static observers in the general stationary axisymmetric spacetime considered in section III, since χâb = 0 in these cases.
